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Simulation of heavy quarks on the lattice

I Problem: Heavy mesons “fall through the lattice”

x

t

a

λx = p−1

λt = E−1 ≤ m−1

I Mesons with mass m, momentum p, and energy E=
√

m2+p2

I Typical scales:
a−1 ≈ 2 GeV, mD ≈ 2 GeV, mB ≈ 5 GeV ⇒ am ≥ 1;
mπ ≈ 0.2 GeV, L = 32a ⇒ mπL ≈ 3
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Relativistic heavy quarks
(El-Khadra et al. 1997)

(S. Aoki et al. 2003) (Christ et al. 2006)

I Columbia formulation:

S =
∑

x Q(x)

(
(γ0D0 − 1

2
D2

0 ) + ζ
3∑

i=1
(γiDi − 1

2
D2
i ) + m0 + cP

3∑
µ,ν=0

i
4
σµνFµν (x)

)
Q(x)

I Tune coefficients of dimension 4 and 5 operators to remove
|a~p|, (am)n, |a~p|(am)n errors in on-shell quantities:

m0, ζ, cP

I Matching of on-shell matrix elements of, e.g., HL operators
requires Q ′(x) = Q(x) + d1

∑
i=1,2,3 γiDiQ(x) with parameter

d1.
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Non-perturbative tuning

I Since d1 only enters through the field rotation, it has no effect
on the hadron spectrum of the theory.

I We can tune m0, ζ, and cP non-perturbatively using meson
masses and make predictions about the mass spectrum
without knowledge of d1:

I m= (mBs + 3mB∗
s

)/4
!

= 5403.1(1.1) MeV

I ∆m= mB∗
s
−mBs

!
= 49.0(1.5) MeV

I E = m1 + p2

2m2
+O(p4); m1 = m2

For (axial-)vector operators or four-quark operators we need
Lattice PT to determine higher-dimensional correction terms.

Only HL quantities

(Y. Aoki, et al. 2012)
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Framework for LPT (CL PoS LATTICE 2012)

I Wrote from scratch new computer algebra system (CAS) as a
C++ library

I Direct access to parsed expression tree in C++

I Speed comparable to FORM, for some applications faster

I Some special features: function map, optimized series
expansion, hooks

On top of new CAS: unified LPT, continuum PT framework
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Excerpt of RHQ tuning code

Context c ;

// use rhq + gauge ac t i on
ActionRHQ rhq(&c , "Q" ) ;
ActionGAUGE gauge(&c ) ;

// d e f i n e f i e l d r o t a t i o n s
c . c o e f f i c i e n t s << "d1FT" ;
FieldRotationRHQ Qimp(&c , "Q" ,"QimpmomT" ,
"(1 + sum(i,4)*d1FT(i)*Ngamma(i)*aD(i,x))*Q(x)" ) ;

FieldRotationRHQ Qbimp(&c , "Qb" ,"QbimpmomT" ,
"Qb(x)*(1 - sum(j,4)*d1FT(j)*Ngamma(j)*aDl(j,x))" ) ;

// perform wick con t r a c t i on s
Wick w(&c ) ;
w << rhq << gauge << Qimp << Qbimp ;
Express ion ∗ ver tex = w. cont rac t (
"sum(k,mom)*QimpmomT(q)*aACmom(mu1,a1,k)*QbimpmomT(-p)" , 3 ) ;

Express ion ∗ prop = w. cont rac t (
"sum(q,mom)*QimpmomT(p)*QbimpmomT(q)" , 2 ) ;
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One loop vertex graphs
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Conclusion and Outlook

I Currently finalizing
I fB , fBs (Witzel)
I B → πlν (Kawanai)
I gB∗Bπ (Flynn, Samways)

I Preparing for B – B mixing and ξ = fBs

√
BBs/fBd

√
BBd

I Outlook (reduction of error): two-loop matching, tuning of
highly-improved actions

I CAS/LPT applied to SF, Gradient Flow (CL, A. Shindler)
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1 All data points

Figure 1. No Fit! Showing only all data points in a32 lattice units. The data points on each ensembla are plotted with the same
color/symbol: 243 ensembles: ml

sea = 0.005 (blue/⌅), ml
sea = 0.01 (cyan/⌥); 323 ensembles: ml

sea = 0.004 (pink/J), ml
sea = 0.006

(red/N), ml
sea = 0.008 (purple/I). For better visibility data points for ml

sea = 0.01 and 0.008 are plotted with a small, positive,
horizontal o↵set; data points for ml

sea = 0.004 have a small, negative, horizontal o↵set.
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